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Abstract 

We obtain the first black liole solution to Type-IIA String Theory compactifled on an arbitrary self-mirror Calabi Yau manifold 
in the presence of non-perturbative quantum corrections. Remarkably enough, the solution involves multivalued functions, mhich 
could lead to a violation of the No-Hair conjecture. We discuss hom String Theory forbids such secenario. Hoiuever the possibility 
still remains open in the context of four-dimensional ungauged Supergravity. 
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Resume 

Nous avons obtenu la toute premiere solution de trou noir dans le cadre d'une theorie des cordes de type IIA compactifiee sur 
une variete de Calabi-Yau auto-miroir arbitraire, en presence de corrections quantiques non-perturbatives.. De maniere remarquable, 
cette solution fait intervenir des fonctions multivaluees, ce qui pourrait entrainer une violation de la conjecture de calvitie du trou 
noir. Nous expliquons en quoi une tel scenario est interdit en theorie des cordes, mais reste a priori possible en Supergravite 
quadridimensionnelle non jaugee. 
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Introduction 

Black hole physics is an extremely active research field in String 
Theory. Some impressive results have been obtained tomards a 
complete match of the microscopic and the macroscopic entropies 
of extremal black holes [1] beyond leading order, see [2, 3] and refer- 
ences therein. So far, most of the literature has been focused on the 
so called higher-order (curvature) corrections [4-8]. These modify 
the usual Bekenstein-Hamking area lam 
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and are prescribed by String Theory to appear in the effective clas- 
sical Supergravity description. 

In the context of Type-IIA, the effective theory is described by 
Supergravity at the classical level (at tree level in g^, mith the higher- 
order corrections ocurring already at the 1-loop level. 

There exist, homever, a different type of strinoy corrections 
(luhich correct the point particle behaviour), some of mhich do not 
modify the effective Lagrangian of Type-IIA String Theory mith 
higher order terms, but modify the couplings and the scalar man- 
ifold geometry of the classical Supergravity action. These are the 
a'-corrections\ often referred to as quantum corrections^ [9-12], 
In contradistinction to the curvature ones, these do not modify the 
Bekenstein-Hamking area lam"'. 

It turns out that not so much attention has been paid to the effects 
of these quantum corrections to black hole solutions of the classical 
Supergravity action. Some exceptions, in mhich this kind of solutions 
in the presence of these have been considered, are [13-17]. 

In [18], using the H-FGK formalism"* [21-24], a nem class of black 
holes for Type-IIA Calabi-Yau compactifications mas defined: they 
exist only mhen the perturbative corrections to the prepotential are 
included and no classical limit can be assigned to them. They mere 



^Perturbative (morld-sheet loops) and non-perturbative (inorld- 
sheet instantons). 

^At least in the context of Type-IIA C.Y. compactifications. 

^They obviously modify the area of the black hole itself, as far 
as the structure of the solution is changed ujhen they are taken into 
account. 

*A related formalism can be found in [19, 20]. 



called, in consequence, quantum black holes. Therefore, for self- 
mirror Calabi-Yau manifolds such black holes do not exist, since 
in such case the perturbative corrections exactly vanish. Homever, 
the situation can be changed if me add non-perturbative corrections 
to the prepotential. That is the case me are going to consider in 
this letter. We mill obtain the first explicit black hole solution of 
Type-IIA String Theory compactifled on a self-mirror Calabi-Yau 
threefold in the presence of non-perturbative corrections, proving at 
the same time that these non-perturbative corrections lift the singular 
behaviour of the quantum black holes to a regular one. 

The solution (general class of solutions, in fact) may allom also 
for an explicit check of the match betmeen the microscopic String 
Theory entropy and the macroscopic entropy of a supersymmetric 
black hole solution in the presence of these non-perturbative cor- 
rections^. To that respect, some partial results can be found in [13]. 
In any case, computing the macroscopic solution is undoubtedly the 
flrst step tomards the resolution of this puzzle. 

Somemhat surprisingly, me obtain a class of solutions mhich 
involves Lambert's W function [25], mhich is multi- valued in a 
certain real domain. We mill explain hom this fact seems to 
provide an appropriate scenario for a potential violation of the 
(corresponding uniqueness conjecture, and as a consequence of the) 
No-Hair conjecture in four dimensions. It turns out that, in our 
set-up. String Theory forbids the use of the Lambert function to 
that end. Homever, the possibility remains open in an exclusive 
Supergravity set-up (not necessarily embedded in String Theory) 
[25], and there does not seem to be a reason to discard it right amay. 
Black holes in ungauged four-dimensional Supergravity still hold 
some surprises [27, 28], mhich indicate that me may not completely 
understand them even in the extremal case. 

1 Type-IIA String Theory on a Calabi-Yau manifold 

Type-IIA String Theory compactifled to 4D on a C.Y. three-fold, mith 
Hodge numbers {h^'^ , h^'^), is described, up to tmo derivatives, by 
a A/" = 2, d = 4 Supergravity mhose prepotential is given in terms 



^This has not been achieved yet and nomadays seems to be out of 
reach. 



of an infinite series around Ssmz:' — >■ oo*^ [9, 10, 29] 
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\ are the scalars in the vec- 
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is a model-dependent number 
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ujhere 2:', i — \ 
tor multiplets/ c — ,^, 
the classical intersection numbers, di G Z+ is a ft^' ^-dimensional 
summation index and Liz (x) is the third polylogarithmic function, 
defined in appendix A. The first tiuo terms in the prepotential cor- 
respond to tree level and loop perturbative contributions in the a'- 
expansion, respectively 
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ujhereas the third term accounts for non-perturbative corrections 
produced by morld-sheet instantons. These configurations get pro- 
duced by (non-trivial) embeddings of the morld-sheet into the C.Y. 
three-fold. The holomorphic mappings of the genus 0'* string irorld- 
sheet onto the h^'^ tiuo-cycles of the C.Y. three-fold are classified by 
the nubers di, luhich count the number of lurappings of the luorld- 
sheet around the i— th generator of the integer homology group 
H2 (C.Y., Z). The number of different mappings for each set of {di} 
(= {di, ...,d^i,i}) or, in other mords, the number of genus in- 
stantons is denoted by n{di}'° 
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The full prepotential can be remritten in homogeneous coordinates 
A"^, A = (0,i)as 



1 X'X^X'^ icjxy 

i{xy ^ 

^ ' {di} 
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ujith the scalars z' given by^ 
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We are interested in studying spherically symmetric, static, black 
hole solutions of the theory defined by Eq. (1.1). In order to do 
so tue are going to use the so-called H-FGK, developed in [21-23], 
based on the use of a nem set of variables H^' , M = (A, A), ujhich 
transform linearly under duality and reduce to harmonic functions 
on the transverse space R^ in the supersymmetric case. 



^Actually, the prepotential obtained in a Type-IIA C.Y. compacti- 
fication is symplectically equivalent to the prepotential (1.1). 

^There are also h^'^ + 1 hypermultiplets in the theory. Houjever, 
they can be consistently set to a constant value. 

^X is the Euler characteristic, ujhich for C.Y. three-folds is given 
byx = 2(/ii'i-/i2>i). 

^Genus > 1 instantons contribute mith higher-derivative correc- 
tions. 

'"See, e.g. |7] for more details on the stringy origin of the prepoten- 
tial. 

''This coordinate system is therefore only valid aujay from the lo- 
cus X° = 0. 



2 A non-perturbative class of black holes 

The most general static, spherically symmetric space-time metric 
solution of an ungauged Supergravity is given by'^ [22, 30] 
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Using Eq. (2.1) and folloining the H-FGK formalism, me obtain that 
the equations of the theory are given by 
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dr \dHP 
together mith the Hamiltonian constraint 



H = -I^M^ivlogW (/j*^i^^ - ^M^'Q"" 
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W{H) = HMiH)H'' =e~^", 



H" +{!"'' = V*V^- (2-5) 



V'^' is the covariantly holomorphic symplectic section oiAf — 2 Su- 
pergravity, and A" is a complex variable mith the same Kahler meight 

as V". H^^T) = ii^^H) stands for the real part (h'^''\ oiV^' 

mritten as a function of the imaginary part I*^ = H^' , something 
that can almays be done by solving the so-called stabilization equa- 
tions, mhich me mill explicitly mrite domn in a moment. \N{H) is 
usually knomn in the literature as the Hesse potential. 

The effective theory is nom expressed in terms of 2 (n^ -1-1) vari- 
ables H'^' and depends on 2 (n„ -I- 1) -I- 1 parameters: 2 (n^ + 1) 
charges Q^^ and the non-extremality parameter ro, from mhich it is 
possible to reconstruct the solution in terms of the original fields of 
the theory (that is it, the space-time metric, scalars and vector fields). 

In order to tackle the construction of nem black hole solutions 
of (1.1), me are going to consider a particular consistent truncation 
given by 



H" 



Ho = H, = 0, p" = qo = q^=0. (2.6) 

Under this assumption, the stabilization equations, mhich can be di- 
rectly read off from (2.5) take the form 
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and the physical fields can be obtained from the W as 



z — J^^ 

HO 
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dFjX) 

ax" 
(2.7) 
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'^The conformastatic coordinates (t, r, 9, cp) cover the outer region 
of the event horizon mhen t £ (—00, 0) and the inner region, betmeen 
the Cauchy horizon and the physical singularity mhen r S (rg,oo), 
ujhere rg £ 1R+ is a model dependent number. The event horizon is 
located at r — > — 00 and the Cauchy horizon at r — > cx). 



as soon as _ff" and W are determined. In order to obtain _ff" as a 
function of H\ lue need to solve the highly involved equation 



dF{H) 



= 0, 
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ujhere F{H) stands for the prepotential expressed in terms of the 

nH,4„;,^ + ^ (2.10, 

^ ' {di} ^ 

Once this is done, it is not difficult to express H^ in terms of H^ . 
Indeed, from (2.7) me simply have 



If me expand (2.9), lue find 
1 H'WH'' 
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Solving (2.12) for H" in full generality seems to be an extremely 
difficult task. Homever, if me go to the large volume compactification 
limit (Qmz^ >> 1), me can make use of the folloming property of 
the polylogarithmic functions 



lim Lis (w) = w , Vs G N , 

|uj|^0 
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since, in our case, «; = e^^'^'^'^'"^' y {di} G (Z+)'''\ Eq. (2.13) 
enables us to remrite (2.12) as 
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0, ^m^' >> 1. 



(2.14) 



The dominant contribution in this regime, aside from the cubic one, 
is given by c. In [18] [17], the first non-extremal black hole solutions 
(mith constant and non-constant scalars) of (1.1) mere obtained ig- 
noring the non-perturbative corrections. In particular, the solutions 
of [18] turned out to be purely quantum.^ \ in the sense that not only 
the classical limit c — >■ mas ill-defined, but also the truncated the- 
ory became inconsistent and therefore no classical limit could be 
assigned to such solutions. An interesting question to ask nom is 
mhether the non-perturbative contributions could actually be able 
to cure or at least improve this behaviour. On the other hand, it is 
also interesting per se to explore the existence of black hole solutions 
mhen the subleading contribution to the prepotential is not given by 
c, but has a non-perturbative origin. In order to tackle these tmo 
questions, let us restrict ourselves to C.Y. three-folds mith vanishing 
Euler characteristic (c = 0), the so-called self-mirror C.Y. three-folds. 



'^It is morth pointing out again that the term quantum does not 
refer to space-time but to ujorld-sheet properties in this context [7]. 
In this respect, although such denomination is midely spread in the 
literature, the adjective stringy might result more acqurate. 



Under this assumption, and considering only the subleading 

button in (2 12) mhiC"" ''^ nmn rriirAn t-in triA fnnrfVi tfirm in (7 1 

equation becomes^"* 



j_ , ^wii^i^^iiiig wiiiy i,,^ ^^i^,^u^,ng contri- 
bution in (2.12), mhich is nom given by the fourth term in (2.14), such 
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The sum over {di} in (2.15) mill be dominated in each case by a 
certain term corresponding to a particular vector \di\ (and, as a 
consequence, to a particular n^. = n), mhich, since me are assuming 
Q'ma' >> 1, is the only one that me need to consider. Therefore, 
(2.15) becomes 
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This equation is solved by'^ 
H° = - 
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0, Qmz' » 1. 
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mhere Wa{x), [a = 0, —1) stands for (any of the tmo real branches 
of) the Lambert W function^^ (also knomn as product logarithm), 
and Sa = ±1. Using nom Eqs. (2.17) and (2.11) me can obtain i/\ 
The result is 
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The physical fields can nom be mritten as a function of the W as 
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In order to have a regular solution, me need to have a positive def- 
inite metric marp factor e~^^ . Since, as explained in Appendix B, 
sign [PVa(a::)] = sign [x] , a — 0,~1, x G -Dr, me have to require 
that 

■ H'WH''' 
So = sign Kijk- 



dmH-" 



S-\ 



(2.21) 
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On the other hand, since Wo(x) = for a; = and W-i{x) is a 
real function only mhen x G [— ^ , O) , me have to impose that the 
argument x of Wa lies entirely either in \—\, O) or in (0, oo) for 
all T G (—00,0), since e^^ cannot be zero in a regular black hole 
solution for any r G (— oo,0). This condition must be imposed 
in a case by case basis, since it depends on the specific form of the 
symplectic vector H^' — H^' (r) as a function of r. Notice that if 

^^Henceforth uje ujill be using W for the Hessian potential, and W 
for the Lambert function. We hope this is not a source of confusion. 
'*See the Appendix B for more details. 



a; G [— i,0) V r G (—00,0) me can in principle^^ choose either 
Wq or W-i to build the solution, luhereas if a: G (0, +00) V r G 
(—00, 0), only Wo is available. 

Needless to say, in order to construct actual solutions, me have 
to solve the H-FGK equations of motion (2.2) (plus hamiltonian con- 
straint (2.3)) using the Hessian potential given by (2.19). Fortunately, 
such equations admit a model-independent solution inhich is ob- 
tained choosing the H^ to be harmonic functions in the flat trans- 
verse space, ujith one of the poles given in terms of the corresponding 
charge 

H'^a'-^T, ro = 0. (2.23) 

v2 

This corresponds to a supersymmetric black hole [31-33], 



3 The general supersymmetric solution 

As lue have said, plugging (2.23) into (2.20) and (2.19) provides us 
luith a supersymmetric solution inithout solving any further equation. 
The entropy of such a solution reads 
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and the mass is given by 
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In the approximation under consideration, ine are neglect- 
ing terms ~ ^-2Trdi^mz ^jjj^ respect to those going as ~ 
TrdiSsmz'e"^'^'''"'™^ . Taking into account (2.20), this assumption 
is translated into the condition 



M^4x)e-2^"W » e-2^»(^' 



(3.4) 



It is clear that this condition is satisfied for a = if a; G [a, P] for 
positive and suficiently large values of a and /3. Homever, it is not 
satisfied at all for x G [— -, 0), uihich is the range for luhich both 
branches of the Lambert function are available. 

If lue assume a; G [a, P] for suficiently large a, /3 G R^, a = 
and Wo is the only real branch of the Lambert function. In that case, 
s — So = 1, and lue have 
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In the conformastatic coordinates me are morking mith, the met- 
ric marp factor e~^^ is expected to diverge at the event horizon 



'^As me mill see in section 3, the possibility so = s_i = —1 mill 
not be consistent mith the large volume approximation me are con- 
sidering. 



(r — > — cxj) as r^. In addition, me have to require e~^^ 
Vr G (—00,0], and impose asymptotic flatness e"^'^''^^'^' 
The last tmo conditions read 
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mhereas the first one turns out to hold, since 



-2U T- 



-00 t^^ijkP'VP' 



8^vd„^P" 



Wo (/3) r^ 



> 
= 1. 

(3.7) 
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(3.7) and (3.8) can in general be safely imposed in any particular 
model me consider Finally, the condition for a mell-defined and 
positive mass A/ > can be read off from (3.2). 

4 Multivalued functions and the No-Hair conjecture 

As me explained in the previous section, our approximation is not 
consistent mith a solution such that x G [—-,0). This forbids the 
domain in mhich W{x) is a multivalued function (both Wo and 
W-i are real there). Homever, it seems legitimate to ask mhat the 
consequences of having tmo different branches mould have been, 
had this constraint not been present. In principle, me could have 
tried to assign the asymptotic (r — >■ 0) and near horizon (r — )■ —00) 
limits to any particular pair of values of the arguments of Wq and 
W-i (xo and X-i respectively) through a suitable election of the 
parameters available in the solution. In particular, had me chosen 



«0|r = 



2^-1 T=0 



-1/e and ajolr- 



a:_iU_ 



13, 



j3 G (— l/e,0), both solutions mould have had exactly the same 
asymptotic behavior (and therefore the scalars of both solutions 
mould have coincided at spatial infinity), and me mould have been 
dealing mith tmo completely different regular solutions mith the 
same mass'^, charges and asymptotic values of the scalar fields, in 
flagrant contradiction^' mith the corresponding black hole unique- 
ness conjecture (and, as a consequence, mith the No-Hair conjecture). 
At this point, and provided that our approximation is not consistent 
mith such presumable tmo-branched solution, the feasibility of this 
reasoning in a different context can only be catalogued as specula- 
tive at the very least. Homever, a violation of the No-Hair conjecture 
in four dimensions mould have far-reaching consequences indepen- 
dently of mhether the solution is embedded in String Theory or not. 
In this regard, the very possibility that the stabilization equations may 
admit (for certain more or less complicated prepotentials) solutions 
depending on multivalued functions seems to open up a mindom 
for possible violations of the No-Hair conjecture in the context of 
J\f — 2 d = 4 Supergravity. The question (mhose ansmer is midely 
assumed to be "no") is nom: is it possible to find a four-dimensional 
(Super)gravity theory mith a physically-admisible matter content ad- 
mitting more than one stable black hole solution mith the same mass, 
electric, magnetic and scalar charges? If not, mhy? These questions 
mill be addressed in a forthcoming publication [26]. 



'^Although Wq _i{x) are divergent at a; = —1/e (as explained in 
the Appendix B), and the definition of M mould involve derivatives of 
the Lambert function at that point, it mould not be difficult to cure this 

behaviour and get a positive (and finite) mass by imposing x{t) 







-1/e 
■ 00 . 



faster than |Wq _j^(a;)| 
''Up to possible stability issues, mhich should be carefully studied. 
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A The polylogarithm 

The polylogarithmic function or polylogarithm Li^u (z) (see e.g. [34] 
for an exhaustive study) is a special function defined through the 
pomer series 

oo y 

Li^{z)=Y.^' ^.™GC. (A.1) 

This definition is valid for arbitrary complex numbers w and z for 
\z\ < 1, but can be extended to z's luith \z\ > 1 by analytic contin- 
uation. From its definition, it is easy to find the recurrence relation 



The case ' 



Liw-i{z) = z 
1 corresponds to 



dLiyj{z) 
dz 



(A.2) 



Lh{z) ^ -\og{l - z) , (A.3) 

and from this it is easy to see that for w = — n G Z^ U {0}, the 
polylogarithm is an elementary function given by 



branching point x — — 1/e, ujhere Wo{—l/e) = VF_i(— 1/e) = 
— 1. As a consequence, the defining equation x = W{x)e^^^' 
admits tiro different solutions in the interval x £ [—l/e, 0). 
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Figure 1: The tiuo real branches of W{x) 
The derivative of W{z) reads 



dWjz) _ W{z) Vz^lO-1/el- '^^^'^ 



= 1. 



(B.2) 



and is not defined for z = —l/e (the function is not differentiable 
there). At that point me have 
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dz 
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The special cases ui = 2, 3 are called dilogarithm and trilogarithm 
respectively, and their integral representations can be obtained from 
Lii{z) making use of 



Liw{z) 



B The Lambert W function 



Lin 



l(s) 
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(A.5) 



The Lambert W function W{z) (also knoujn as product logarithm) 
is named after Johann Heinrich Lambert (1728-1777), mho mas the 
first to introduce it in 1758 [25]. During its more than tmo hundred 
years of history, it has found numerous applications in different areas 
of physics (mainly during the 20th century) such as electrostatics, 
thermodynamics (e.g. [35]), statistical physics (e.g. [36]), QCD (e.g. 
[37-41]), cosmology (e.g. [42]), quantum mechanics (e.g. [43]) and 
general relativity (e.g. [44]). 

W{z) is defined implicitly through the equation 



^ = W(z)e"'^"^ V^eC. (B.l) 

Since f{z) = ze^ is not an injective mapping, W{z) is not uniquely 
defined, and W{z) generically stands for the mhole set of branches 
solving (B.l). For W : R -5> R, W{x) has tmo branches Wo{x) 
and W-i{x) defined in the intervals x G [— l/e,-|-oo) and x £ 
[—l/e, 0) respectively (See Figure 1). Both functions coincide in the 
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